In this paper, a class of fractional diffusion equations with variable coefficients is considered. An accurate and efficient spectral tau technique for solving the fractional diffusion equations numerically is proposed. This method is based upon Chebyshev tau approximation together with Chebyshev operational matrix of Caputo fractional differentiation. Such approach has the advantage of reducing the problem to the solution of a system of algebraic equations, which may then be solved by any standard numerical technique. We apply this general method to solve four specific examples. In each of the examples considered, the numerical results show that the proposed method is of high accuracy and is efficient for solving the timedependent fractional diffusion equations.
Introduction
In the last few years, many practical problems arising in engineering, physical, biological and biomedical sciences require solving fractional differential equations (FDEs), (see, e.g. [1] [2] [3] [4] [5] [6] ). For this reason an accurate and efficient numerical approach for solving FDEs is needed. The existence and uniqueness of solutions to several classes of fractional differential equations have been considered and developed (see, for instance, [5, [7] [8] [9] [10] ).
Spectral methods are very powerful tools for treating numerous types of integral and differential equations arising in engineering and science [11] . High accuracy and ease of implementing such spectral techniques are two of the main features which have encouraged many researchers to apply them to solve various types of integral and differen-tial equations. Spectral methods are global methods, they have been successfully applied to provide semi-analytical solutions for several types of FDEs [12] [13] [14] [15] [16] . Furthermore, they have also been used together with the operational matrices of Caputo fractional-order derivatives of different types of classical orthogonal polynomials, such as Legendre polynomials [17] , Chebyshev polynomials [18] and Jacobi polynomials [19] to numerically approximate FDEs. Recently, Bhrawy et al. [20] proposed the fractional-order integrals of Chebyshev polynomials, and applied it in combination with a shifted Chebyshev tau technique to present a new numerical approximation of multi-term FDEs on finite intervals. In the same direction, the operational matrix of fractional integrals with spectral methods is implemented to provide an approximate solution of FDEs [21, 22] . Different models using fractional partial differential equations (FPDEs) have been proposed, see [5, 23] , and there has been significant interest in proposing and developing very powerful tools for numerically approximating their solutions. There are three principal FPDEs: space FPDEs, time FPDEs and space-time FPDEs. Taukenova and Lafishev [24] studied the difference schemes for solving time fractional diffusion equations in one-and multi-dimensional domains, they also proved the stability and convergence of their schemes. In [25] , the authors investigated the spectral tau method for solving space FPDEs. Furthermore, the authors of [26] proposed nested meshes for the numerical solution of space fractional diffusion equations. Three effective iterative methods are successively applied to produce analytical solutions of three types of FPDEs in [27] , the authors proved that the homotopy perturbation scheme gives more accurate solutions than the variational iterative method and a new iterative method. Consider a space fractional diffusion equation of the form
and
Indeed, fractional diffusion equations have been used to model different kinds of wave propagation phenomenon (see, e.g. [28] [29] [30] [31] [32] [35] extended and developed the operational formulation of the shifted Legendre tau approximation for the numerical simulation of (1)-(3). The finite difference scheme for solving (1)- (3) has been proposed in [36] . Ding et al. [37] investigated the weighted finite difference scheme for solving a class of time-dependent fractional differential equations based on shifted Grün-wald formula. Furthermore, Liu et al. [38] proposed an efficient implicit numerical method for a class of FPDEs in which they discussed five fractional models. In the riche area of numerical methods of FPDEs, little work has been done by spectral methods when compared to finite difference and finite element methods. This partially motivates our interest in such methods [39] [40] [41] .
The main concern of this work is to extend the application of the spectral tau approximation for numerically solving the space fractional diffusion equation Eq. (1)-(3). We develop some efficient spectral tau approximations based on a truncated series of shifted Chebyshev polynomials together with the Chebyshev operational matrices of Caputo fractional differentiation and integration. This approach has the advantage of reducing such problems to the solution of a system of algebraic equations. Moreover, we apply the proposed algorithm to four numerical examples, in order to confirm the accuracy of this algorithm. To the best of our knowledge, there are no results on shifted Chebyshev tau method for solving such problems. The tau spectral approximation for the numerical solution of partial differential equations has been extended by Ortiz [42] and Ortiz and Samara [43] .
The rest of this paper is arranged as follows. We present some necessary definitions and properties of Chebyshev polynomials in the next section. In Section 3, the Chebyshev spectral tau approximation based on Chebyshev operational matrices of Caputo fractional differentiation and integration for (1)- (3) is implemented, and in Section 4, the proposed method is applied to four test problems. Finally, some concluding remarks are given in the last section.
Preliminaries and notation

Fractional differentiation
The Riemann-Liouville fractional integration of order ν is given by:
A basic property of the operator
The Riemann-Liouville and Caputo fractional derivatives are given by
where is the smallest integer greater than ν with − 1 < ν ≤ ∈ N (see [1, 44, 45] ).
The Caputo's fractional derivative satisfies 
Chebyshev polynomials
The classical Chebyshev polynomials for (−1 1) can be determined from the recurrence formula:
where T 0 ( ) = 1 and T 1 ( ) = .
Let the shifted Chebyshev polynomials T
Then, T L ( ) are generated from the three-term recurrence relation:
where
The following formula for the th degree of T L ( )
where T L (0) = (−1) and T L (L) = 1. will be of fundamental importance in the sequel. The orthogonality condition is
A square integrable function ( ) in the interval (0 L), can be expanded in terms of shifted Chebyshev polynomials as
where the coefficients are given by
In order to use these polynomials in spectral methods, one may consider a truncated series of T L ( ), as
where C and φ L N ( ) are are given respectively by
Similarly a function ( ), defined on 0 < < L and 0 < ≤ τ, can be expressed by the double shifted Chebyshev polynomials as
where φ τ M ( ) and φ L N ( ) are defined on (15), also the coefficient matrix A is given by
Now, the integration of φ τ M ( ) may be written as
where P is the (M + 1) × (M + 1) shifted Chebyshev operational matrix of integration and is given by 
Also the derivative of φ τ M ( ) may be written in the form
where D (1) is the (N + 1) × (N + 1) shifted Chebyshev operational matrix of derivative obtained from
where ∈ N and the superscript, in D (1) , denotes matrix powers. Thus
But the Caputo fractional derivative of order ν > 0 of φ L N ( ) can be written as follows
is the (N + 1) × (N + 1) shifted Chebyshev operational matrix of Caputo fractional derivative of order ν and is given by:
(for more details see, [18] ).
Applications of tau method for fractional diffusion equations
In this section, we are interested in employing the spectral tau approximation together with the shifted Chebyshev operational matrices for solving the fractional diffusion equation (1) subject to (2)-(3).
Let us approximate ( ) ( ) ( ) and ( ) by using the shifted Chebyshev operational matrices as
Here A is an unknown (M + 1) × (N + 1) matrix, but C T Q and F are known matrices and can be written as
where and are given as in Eq. (13), however are given as in Eq. (17) . Using integrated form of (1) and utilizing (2), we obtain
Using Eqs. (18), (23) and (25) it becomes trivial to deduce:
where H is a square matrix of dimension N + 1. To find H, we rewrite Eq. (29) in the form
By using Eq. (31) and employing the orthogonality relation (12) gives 
Also using Eqs. (18) and (25) we have
Applying Eqs. (25), (33) and (34) the residual R N M ( ) for Eq. (27) can be written as
As in a typical tau method see [11] we generate (M + 1) × (N − 1) linear algebraic equations using the following algebraic equations
Eqs. (37) and (38) 
Numerical results
In this section, several examples are considered to explain the implementation of the presented algorithm. A comparison between our method and the spline approximation method proposed by Sousa [46] is introduced to demonstrate the high accuracy of our algorithm. Consider M N ( ) and ( ) are the approximated and exact solutions, respectively. Then the error is defined as
where is the ∞ norm. Regarding this problem we study four different choices of ν and with N = M = 5 In Tables 1 and 2 , we show a comparison between the ∞ error using shifted Chebyshev tau approximation and the spline approximation obtained by Sousa [46] with various choices of ν and Numerical results of this example demonstrate that the proposed algorithm is more accurate than the spline approximation method, see [46] . Example 2. Consider 
In Table 3 , we list the maximum absolute error, using shifted Chebyshev tau method based on shifted Chebyshev operational matrices at Example 3. Consider
with ( 0) = 3 + 2 0 < < 1 and
whose exact solution is
In Table 4 , we display maximum absolute error, using the proposed method at = 1 with N = M = 3 and N = M = 5
Example 4. Consider the following problem: 
Conclusion
In this article, we have proposed a numerical algorithm to solve a class of space fractional diffusion equations on a finite domain. An efficient direct solver technique is developed for solving such problems using the spectral tau method. The construction of the proposed algorithm is based on the shifted Chebyshev tau approximation together with the operational matrices of the Caputo fractional derivatives and integration of shifted Chebyshev polynomials. Several numerical examples were given to demonstrate the validity and applicability of the proposed algorithm. The computational results show that the proposed method can be effectively used in the numerical simulation of other time-dependent fractional partial differential equation.
